Introduction
The theory of Hilbert spaces of entire functions 1] was developed by Louis de Branges in the late 1950s and early 1960s with the help of his students including James Rovnyak and David Trutt. It is a generalization of the part of Fourier analysis involving Fourier transform and Plancherel formula. The de Branges-Rovnyak theory of square summable power series, which p l a yed an important role in leading to de Branges' discovery of a proof of the Bieberbach conjecture, originated from the theory of Hilbert spaces of entire functions.
In 2] de Branges proposed an approach to the generalized Riemann hypothesis, that is, the hypothesis that not only the Riemann zeta function (s) but also all the Dirichlet L-functions L(s ) with primitive have their nontrivial zeros lying on the critical line <s = 1=2 (See Davenport 5] ). In 2] de Branges mentioned that his approach to the generalized Riemann hypothesis using Hilbert spaces of entire functions is related to the Lax-Phillips theory of scattering 6]. In Appendix 2 to Section 7, 6] Lax and Phillips explained the di culty of approaching the Riemann hypothesis by using the scattering theory. In this note, we shall indicate the di culty of approaching the Riemann hypothesis by using de Branges' positivity conditions 2] 3] 4]. In fact, we shall give examples showing that de Branges' positivity conditions, which imply the generalized Riemann hypothesis, are not satis ed by de ning functions of reproducing kernel Hilbert spaces associated with the Riemann zeta function (s) a n d the Dirichlet L-function L(s 4 ).
Reproducing kernel Hilbert spaces
We rst outline an important part of de Branges' approach to the Riemann hypothesis.
Let E(z) b e a n e n tire function satisfying jE( z)j < jE(z)j for z in the upper halfplane. A Hilbert space of entire functions H(E) is the set of all entire functions F (z) such that F (z)=E(z) i s square integrable on the real axis and such that jF(z)j 2 6 kFk 2 H(E) K(z z) (2.1) for all complex z, where the inner product of the space is given by
is the reproducing kernel function of the space H(E), that is, the identity 
(2.5) If K(w w+ i) 6 = 0 , then we must have =w = ;1=2 because, otherwise, we have K(w w+ i) = 0 by the functional identity E( z) = E(z ; i).
Next, we assume that K(w w+ i) = 0. Then F (z) = K(w z) is an element of H(E) such that F (w + i) = 0 and F (z + i) 2 H (E). If F (z) is a nonzero element of H(E) h a ving zero at a point z 0 , it is easy to see by de nition that F (z)=(z ; z 0 ) belongs to H(E). Since F (z) is an entire function, by using Taylor's expansion of F (z) at the point z 0 , we see that F (z)=(z ; z 0 ) n does not vanish at z 0 for some positive integer n. By the repeated process of dividing out the factor z ; z 0 from F (z), we see that F (z)=(z ; z 0 ) n belongs to H(E). If F (z + i) 2 H(E), we also see that F (z + i)=(z + i ; z 0 ) n 2 H (E). Therefore, there exists a nonzero element F (z) 2 H (E) such t h a t F (w+i) 6 = 0 and F (z+i) 2 H (E). Hence, if K(w w+i) = 0 , then, by (2.5), we have E(w + i) ; E(w ; i) = 0 : Since E( w) = E(w ; i), we h a ve jE(w + i)j = jE( w)j. Note that <(w + i) = <( w). Since jE(x + iy) is a strictly increasing function of y on (0 1), we must have =(w + i) = =( w), and hence w + i = w. Therefore, we have =w = ; 1 2 . We h a ve K(w w+ i) = E 0 (w)E(w + i)=2 i. Since F (z) = K(w z) i s a n e l e m e n t of H(E) such that F 
This completes the proof of the theorem. Let W (z) be a function analytic and having no zeros in the upper half-plane.
Then a Hilbert space of analytic functions F(W) is the set of all analytic functions F (z) i n the upper half-plane, such that F (z)=W(z) can be written as a q u o t i e n t o f bounded analytic functions in the upper half-plane, has square integrable boundary values on the real axis, and satis es the inequality log jF(x + iy)=W (x + iy)j 6 y Z +1 ;1 log jF(t)=W(t)jdt (t ; x) 2 + y 2 for y > 0. The inner product of F(W) i s given by
jW(x)j 2 dx for all F G 2 F(W). The reproducing kernel function of F(W) is given by the
that is, for every complex w in the upper half-plane, we have
for every element F 2 F(W). The identity ( The positive-de niteness of the expression 1 ; B(z) B(w) 2 i( w ; z ; i) implies hP F (z) P F (z)i H 6 hF(z) F (z)i H for all elements F 2 H which are linear combination of functions L(w z) with =w > 0. Since L(w z) is the reproducing kernel function of H, if F 2 H is orthogonal to all elements L(w z) with =w > 0, then F (w) = hF(z) L (w z)i H = 0 for =w > 0. Since F (z) is analytic for =z > ;1=2, we must have F 0. Therefore, the set of elements L(w z) with =w > 0 is dense in H. It follows that hP F (z) P F (z)i H 6 hF(z) F (z)i H for all elements F 2 H. Thus, P is a bounded linear transformation of the Hilbert space H into itself, and therefore, the adjoint P of P exists.
Let be a complex number with = > ;1=2, and let F (z) = L( z). Then F 2 H , and hence P F (z) 2 H . It follows that 2 i( ; w ; i)hP F (z) L (w z)i H = Z 1 ;1 P F (x ; i=2) ; w ; i x ; i 2 ; w dx is an analytic function of w for =w > ;1=2. Since Since both sides of (2.7) are analytic functions of w for =w > ;1=2, the identity (2.7) remains true for all complex w with =w > ;1=2 by analytic continuation. Since hP F (z) P F (z)i H 6 hF(z) F (z)i H for all F 2 H , we have jB(w)F(w)j 2 = jhF(z) P L (w z)i H j 2 
(2.8) for =w > ;1=2 and for all F 2 H. In particular, if F (z) = L(w z), then hF(z) F (z)i H = F (w), and hence (2.8) becomes jB(w)F(w)j 2 6 jF(w)j 2 for =w > ;1=2, that is, jB(w)j 6 1 for =w > ;1=2. Therefore, we have proved that B(z) is analytic and bounded by one for =z > ;1=2. It follows that W (z)=W (z + i) is analytic and has nonnegative real part in the half-plane =z > ;1=2.
This completes the proof of the theorem. under this condition. In the following, we give an example showing that condition (3.1) is unfortunately not true. Let = 1 =2 + i111:0295355431696745 bethe 34th zero of the Riemann zeta function in the upper half-plane. By using MATHEMATICA, we compute that ;<f 0 ( ) (1 + )g = ;5:389100507182945 10 ;69 < 0: where ( 4 ) is a constant of absolute value one (See Davenport 5] ). Since 4 is a real character, by t h e argument o f section 12 of Davenport 5] , we have the in nite product formula (s 4 ) = p 2 Y 1 ; s (3.6) where the product is taken over all nontrivial zeros of L(s 4 ) with and 1 ;
being put together.
Let E 4 (z) = (1 ; iz 4 ). Then the functional identity (3.5) can bewritten as E 4 ( z) = ( 4 )E 4 (z ; i): By the product formula (3.6), we nd that jE 4 (x + iy)j is a strictly increasing function of y > 0 for each xed real x. Since the nontrivial zeros of L(s 4 ) lie in the strip 0 < <s < 1 (See x14, Davenport 5 ]), we have jE 4 ( z)j < jE 4 (z)j for =z > 0. for all F 2 F(W 4 ), where T is the linear transformation of F(W 4 ) into itself which takes K(w z) = W 4 (z) W 4 (w)=2 i( w ; z) into K(w + i z) for all complex w with =w > 0, then the function W 4 (z) would have analytic extension to the half-plane =z > ;1=2 by Theorem 2, that is, the Dirichlet L-function L(s 4 ) has no zeros for <s > 1=2. In the following, we g i v e an example showing that the space F(W 4 ) does not satisfy the condition (3.8).
By using MATHEMATICA, we compute that <f (1 + i8714:2 4 )= (2 + i8714:2 4 )g = ;0:000422340607 < 0: Let w = ;8714:2. Then =w = 0 > ;1=2. Since W 4 (w) = 1 = (1 + i8714:2 4 ) and W 4 (w + i) = 1 = (2 + i8714:2 4 ), we have <fW 4 (w)=W 4 (w + i)g < 0: Therefore, by Theorem 2, we see that the space F(W 4 ) with W 4 (z) = 1= (1 ; iz 4 ) does not satisfy the condition (3.8).
Conclusion
We have seen in section 3 the di culty o f approaching the generalized Riemann hypothesis by using de Branges type positivity conditions for reproducing kernel Hilbert spaces. It is possible that these positivity conditions are too strong for Hilbert spaces of entire functions associated with the Riemann zeta function and the Dirichlet L-functions.
